It is proposed in the literature that in some complicated problems maximum likelihood estimates (MLE) are not suitable or even do not exist. An alternative to MLE for estimation of the parameters is the Bayesian method. The Markov chain Monte Carlo (MCMC) simulation procedure is designed to fit Bayesian models. Bayesian method like classical method (MLE) has advantages and disadvantages. One of the advantages of Bayesian method over MLE method is the ability of saving the information included in past data through the posterior distributions of the model parameters to be used for modelling future data. In this article we investigate the performance of Bayesian method in modelling dynamic binary data when the data are growing over time and individuals.
Introduction
Maximum Likelihood Estimation (MLE) is a method of estimating the parameters of a statistical model. In general, for a fixed set of data and underlying statistical model, the method of maximum likelihood selects values of the model parameters that produce a distribution that gives the observed data the maximum probability. MLE gives a unified approach to estimation in the case of the normal distribution and many other problems. In some complicated problems, MLEs are not suitable or do not exist. Even for some simple and popular cases, like logistic regression models, MLE needs some conditions for existence (Albert and Anderson, 1984) . The maximum likelihood estimator has essentially no optimal properties for finite samples and is sensitive to the initial values. However, the maximum likelihood estimator possesses a number of attractive asymptotic properties, for many problems. These asymptotic properties include consistency, asymptotic normality, and efficiency.
Bayesian method is an alternative to the classical method (MLE) for estimation of the parameters in a statistical model. Bayesian method treats parameters as unknown random variables, and it makes inferences based on the posterior distributions of the parameters. The Markov chain Monte Carlo (MCMC) simulation procedure is designed to fit Bayesian models. It follows from Bayes' theorem that a posterior distribution is the product of the likelihood function and the prior distribution of the parameter. Except in the simplest cases, it is very difficult to obtain the posterior distribution directly and analytically. Bayesian modelling relies on simulations to generate sample from the desired posterior distribution and use the simulated draws to approximate the distribution and to make all of the inferences.
Bayesian method using MCMC procedure like classical method (MLE) has advantages and disadvantages, and there are some similarities. When the sample size is large, MCMC often provides results for parametric models that are very similar to the results produced by MLE. One advantage of using Bayesian analysis is that it provides a natural and principled way of combining prior information with data (Berger 1985) . We can incorporate past information about a parameter and form a prior distribution for future analysis. When new observations become available, the previous posterior distribution can be used as a prior. It provides inferences that are conditional on the data and are exact, without reliance on asymptotic approximation. It is assumed that small sample inference proceeds in the same manner as if one had a large sample and obeys the likelihood principle. Classical inference (MLE) does not in general obey the likelihood principle and provides a convenient setting for a wide range of models, such as hierarchical models and missing data problems. MCMC method along with other numerical methods, makes computations tractable for all parametric models. There are also disadvantages in using Bayesian analysis. Firstly, it does not tell us how to select a prior. If we do not proceed with caution, we may generate misleading results. Secondly, it often comes with a high computational cost, especially in models with a large number of parameters. Simulations in MCMC provide slightly different answers unless the same random seed is used. Slight variations in simulation results do not contradict the claim that Bayesian inferences are exact. The posterior distribution of a parameter is exact, given the likelihood function and the priors, while simulation-based estimates of posterior quantities can vary due to the random number generator used in the procedures. See Berger (1985) for more discussion on advantages and disadvantages of MCMC. PROC MCMC in SAS is a procedure that is suitable for fitting a wide range of Bayesian models. To use the procedure, we need to specify a likelihood function for the data and prior distributions for the parameters. We might also need to specify hyper-prior distributions if we are fitting hierarchical models. PROC MCMC obtains samples from the corresponding posterior distributions and produces summary and diagnostic statistics. We can analyze data that have any programmable likelihood, prior, or hyper-prior with PROC MCMC. The default algorithm that PROC MCMC uses is an adaptive blocked random walk Metropolis algorithm that uses a normal proposal distribution. In many applications data are massive and are continuously collected over time. There is always a possibility of missing part or even the entire of data. One strategy is to use as much data as are available using MLE or Bayesian method. In this case we lose the information included in missed data. An advantage of Bayesian method using MCMC procedure is the possibility of saving the information included in the past data into the posterior distribution of the parameters and use them in the analysis of current data. We discuss this property in a logistic regression model through simulation study and application to economic index SP. We consider time-constant and time varying explanatory variables.
Model and estimation method
In this section we introduce a logistic model for analyzing binary data. Consider a binary data set observed over time consisting of a response y ij for the j th observation of the i th independent individual and a p×1 vector x ij of covariates associated with the response y ij . Let β be a p×1 vector of unknown fixed effect parameters associated with x ij . A logistic model of the following form can describe the binary data of this type.
For binary data the relation between mean and variance, var y
often inconsistent with empirical evidence. Therefore the logistic model with the linear predictor ! x ij β , which does not account for over-dispersion or under-dispersion, would not be appropriate for analyzing the longitudinal binary outcomes. Omitted variables from the linear predictor may be the main reason for the over-dispersion or under-dispersion and may have different effects on the linear predictor for different individuals. To accommodate over-dispersion or under-dispersion, we add a random variable to the linear predictor, which leads to the well-known random effects model. The conditional probability function for individual i using a logistic model with ε i as the individual specific error term with mean zero and standard deviation σ in the linear predictor is of the following form
The MCMC method is a general simulation method for sampling from posterior distributions and computing posterior quantities of interest. MCMC method take sample successively from a target distribution and each sample depends on the previous one (the Markov chain property). A Markov chain then is a sequence of random variables, β 0 , β 1 , β 2 ,... for which the random variable β t depends on β 0 , β 1 , β 2 ,..., β t−1 only through β t−1 . Monte Carlo method, as in Monte Carlo integration, is used to approximate an expectation of the produced Markov chain samples. The earliest reference to MCMC simulation occurs in the physics literature. Metropolis and Ulam (1949) and Metropolis et al. (1953) describe what is known as the Metropolis algorithm. The algorithm can be used to generate sequences of samples from the joint distribution of multiple variables, and it is the foundation of MCMC. Hastings (1970) generalized their work, resulting in the Metropolis Hastings algorithm. Geman and Geman (1984) analyzed image data by using what is now called Gibbs sampling. The Metropolis algorithm is simple and practical, and it can be used to obtain random samples from any arbitrarily complicated target distribution of any dimension. The Bayesian procedures use a special case of the Metropolis algorithm called the Gibbs sampler to obtain posterior samplers. Suppose we want to obtain T samples from a distribution with probability density function g β | y ( ) .
Suppose β t is the t th sample from g β | y ( ) . To use the Metropolis algorithm, we need to have an initial value β 0 and a symmetric density q β t+1 | β t ( ) . For the (t +1) th iteration, the algorithm generates a sample from q . |.
( ) based on the current sample β t ,
and it makes a decision to either accept or reject the new sample. If the new sample is accepted, the algorithm repeats itself by starting at the new sample. If the new sample is rejected, the algorithm starts at the current point and repeats. The algorithm is selfrepeating, so it can be carried out as long as required. In practice, we have to decide the total number of samples needed in advance and stop the sampler after that required iterations have been completed. Procedure MCMC in SAS uses this method for the estimation of the parameters.
Simulation study
In this section we set up a simulation study to generate longitudinal binary data for different sample sizes and different level of heterogeneity. We investigate the effects of sample size, level of heterogeneity, and the effect of prior distributions on the parameters estimation. We consider ) 1000 , 500 , 200 , 100
periods of time. We assume a low to high heterogeneous longitudinal binary data with standard deviation ( = 0.5, 1, 2). We consider both time-constant and time varying explanatory variables x 1 and x 2 with true effects of β 1 = 1 and β 2 = 1 respectively. We assume the constant term to be β 0 = −1. We generate 30 = N samples each includes I individuals over T periods of time according to the following steps.
Step 1: Generate random effects ε i from a normal distribution with mean zero and variance σ 2 .
Step 2: For time-constant explanatory variable generate ij x 1 from Bernoulli probability distribution with probability of success 0.5. For time-varying explanatory variable, generate ij x 2 from Nerlove (1971) process
. This time series is well recognized for age trend.
Step 3: Calculate
Step 4: repeat steps 2 and 3, in order, for T j ,..., 2 , 1 = .
Step 5: Repeat steps 1 to 4 for ) 1000 , 500 , 200 , 100 ( ,..., 2 , 1 = = I i .
Step 6: repeat steps 1 to 5 for 30 = N times. These steps generate 30 matrices of data each having rows and columns. We partition each one of these matrices into four matrices each having ! ! rows and ! ! columns as
We use Procedure MCMC from SAS 9.4 to fit the model introduced in sections 2 to different combinations of the generated data sets. For all runs with uninformative prior distributions, we assume normal (Mean=0, Variance=10000) for the parameters β 0 , β 1 , β 2 and igamma (Shape=0.001, Scale=0.001) for ! . For runs with informative prior distributions we used the posterior distributions of the Mean, Variance, Shape and Scale parameters obtained from fitting the first part of data. In order to investigate the effectiveness of using informative prior distributions we consider six runs based on the following conditions. R1: We fit the data included in !! !" assuming uninformative prior distributions for the parameters and use the obtained posterior distributions of the parameters to fit the data included in !" !! . R2: We fit the data included in !!
!"
assuming uninformative prior distributions for the parameters and use the obtained posterior distributions of the parameters to fit the data included in !" !! .
R3:
We fit the data in !! assuming uninformative prior distributions for the parameters and use the obtained posterior distributions of the parameters to fit the data included in !! . R4: We fit the data in !! assuming uninformative prior distributions for the parameters for comparison. R5: We fit the data in !" !! assuming uninformative prior distributions for the parameters for comparison.
R6:
We fit the data in !" !! assuming uninformative prior distributions for the parameters for comparison. In order to compare the estimates obtained from comparable runs we use Mean Square Error (MSE) which includes both bias and variance of the estimate.
= − ! + The results from this simulation study are reported in Tables 1 to 12. Comparing runs R1 and R5 shows that using informative priors obtained from first half of data, collected over individuals, produces smaller MSE for ! and ! when sample size is 500 or 1000 and = 0.5. But using informative priors produces smaller MSE for ! and ! for any sample size when there is large level of heterogeneity ( = 1 or 2).
Comparing runs R2 and R6 shows that using informative priors obtained from first half of data collected over time produces smaller MSE for ! and ! for any sample size and any value of . This is mostly due to the smaller standard deviation of the estimate produced by informative priors. Comparing runs R3 and R4 indicates that uninformative priors produce smaller MSE for ! and ! for any sample size and any value of . This could be due to the fact that the data (M 22 ) used in run R3 are collected over new individuals and times. As in some applications the data window is large we have repeated runs R2 and R6 assuming T=100, I=100, N=30, and = 1. The results are shown in Table 13 . The results reported in Table 13 indicate that the uninformative prior distributions of the parameters produce very biased estimate for the parameters with large MSEs. The informative prior distributions obtained from the first half of data produce unbiased estimates for ! , ! , and . The effect of time-varying explanatory variable, ! , is estimated with a little bias but all MSEs are very small as compare to the MSEs obtained from using uninformative priors. We have checked the performance of MCMC procedure and have found no warning or error in any run. It seems that the informative priors are more effective than uninformative priors when time-varying explanatory variable is in the model and data window is large.
Application
In order to investigate if the results from simulation study are consistent with real life applications we applied the proposed logistic model to economical index SP recorded from 1960 to 2018. We have considered the linear predictor ! + ! − 1960 where time is colander time in year. The response is the binary variable = 1 if the return value exceeds 1.4 and = 0 if the return value does not exceeds 1.4. The threshold 1.4 is borrowed from the articles by Fotouhi (2019) and Gilli. M, KÄellezi, (2006) . They used this threshold for analyzing the extreme values of SP index using Peak-Over Threshold method. We applied the logistic regression model to data from 1960 to 2004 using uninformative prior distributions and used the obtained posterior distributions of the parameters to fit the data from 2005 to 2018. The result are shown in Table 14 . The time effect, ! , is estimated significantly negative when uninformative priors are used while it is estimated significantly positive when informative priors are used. The positive estimate of ! is consistent with the increasing empirical values of the odds of success ( = 1 ) over time while a negative estimate is not. The standard deviation of the random effects is estimated significantly positive which indicates that the logistic model could capture the heterogeneity of the data. The result from this application is consistent with the simulation result and indicates the usefulness of using informative prior distributions for dynamic binary data obtained from the economical index SP.
Conclusion
We have performed a simulation study to show the importance of using Bayesian approach in fitting dynamic binary data in which the data are growing over time and individuals. The objective of this research is showing that saving the information included in current data through the posterior distributions of the parameters and use them to fit the future data produces better estimates for the structural parameters of the logistic regression. This approach could be useful in many applications that data are massive and are continuously collected over time and there is a possibility of missing part or even the entire of past data. We have considered time-constant and time-varying explanatory variables and simulated data from low to high level of heterogeneity for different sample sizes. Our simulations show that, when data are growing over time for a fixed number of individuals, using informative prior distributions for the structural parameters of the model, obtained from past data, fit the future data with smaller mean square error than using uninformative prior distributions for any sample size and any level of heterogeneity. When data are growing over individuals for fixed period of time, we reached to the same conclusion except for the case that the level of heterogeneity is low and the sample size is small. Our simulations show that informative prior distributions of the parameters obtained from past data are not better than uninformative prior distributions when current data are collected over new individuals and times. In order to investigate if the results from simulation study are consistent with real life applications we applied the proposed logistic model to economical index SP recorded from 1960 to 2018. We found the result of this application consistent with the simulation result and indicates the usefulness of using informative prior distributions for dynamic binary data obtained from the economical index SP 
